Abstract. We show that if a collection of lines in a vector space over a finite field has "dimension" at least 2(d−1)+β, then its union has "dimension" at least d + β. This is the sharp estimate of its type when no structural assumptions are placed on the collection of lines. We also consider some refinements and extensions of the main result, including estimates for unions of k-planes.
Introduction
The main problem we will consider here is to give a lower bound for the dimension of the union of a collection of lines in terms of the dimension of the collection of lines, without imposing a structural hypothesis on the collection (in contrast to the Kakeya problem where one assumes that the lines are direction-separated, or perhaps satisfy the weaker "Wolff axiom").
Specifically, we are motivated by the following conjecture of D. Oberlin (hdim denotes Hausdorff dimension). The bound (1) , if true, would be sharp, as one can see by taking L to be the set of lines contained in the d-planes belonging to a β-dimensional family of d-planes. (Furthermore, there is nothing to be gained by taking 1 < β ≤ 2 since the dimension of the set of lines contained in a d + 1-plane is 2(d − 1) + 2.)
Standard Fourier-analytic methods show that (1) holds for d = 1, but the conjecture is open for d > 1. As a model problem, one may consider an analogous question where R n is replaced by a vector space over a finite-field. Our main result is that the corresponding conjecture holds for all d (| · | denotes cardinality). Reusing the examples above, one sees that (2) is sharp, up to the loss in the implicit constant, and that there is nothing to be gained by taking 1 < β ≤ 2.
The main tool we use in the proof of (2) is an iterated version of Wolff's hairbrush argument [7] . For comparison, we state the finite-field version of his result 2 (see [8] , [6] ), starting with the following definition. A set of lines L in F n satisfies the Wolff axiom if for every two-plane
Theorem 1.3 (Wolff) . Suppose that α ≥ 1, F is a finite field, and L is a collection of lines in
where the implicit constant is independent of F .
An immediate consequence of Theorem 1.2 is that, for odd integers α, Wolff's theorem holds even for collections of lines that do not satisfy the Wolff axiom.
The proof of Theorem 1.2 also shows that the Wolff axiom can be relaxed for general values of α. We say that a set of lines L in
2-planes S with L ⊂ S ⊂ R. Thus, the d-plane Wolff axiom asserts that for every d-plane R the standard Wolff axiom holds "on average" for two-planes S ⊂ R. In particular, the d-plane Wolff axiom is weaker than the standard Wolff axiom when d > 2 (assuming one is willing to adjust the axioms by a constant factor, which would make no impact on the validity of the stated theorems). 1 The constant is also independent of β and n, but this is only of secondary interest. 2 Wolff's main interest in this method was likely its use towards a partial resolution of the Kakeya conjecture (up to a negligible constant, any direction separated collection of lines satisfies the Wolff axiom). To that end, it has been superceded by Dvir's theorem [4] (see also [5] ), whose proof makes stronger use of the directionseparation hypotheses and does not seem to be applicable to the present question.
Bounds of the form (3) do not seem to be sharp; at least, they can be slightly strengthened in the case when F = Z p , α = 2, and n = 3, see [1] .
Since (5) improves on (2) when β < 1, one can use the d-plane Wolff axiom to extract structural information about quasi-extremizers (cf. [3] ) of (2). Theorem 1.5. Suppose d ≥ 1 is an integer, and that 0 ≤ β < 1. Then, for every C there exist M and c > 0 such that if F is a finite field with |F | ≥ M and L is a collection of lines in F n with |L| ≥ |F |
and for each j
One can also prove a version of the statement above for −1 < β < 0, but we omit the details.
By adding two additional layers of recursion, the method of Theorem 1.2 can be adapted to treat unions of k-planes.
Our proof requires simultaneous treatment of the following more general result.
Theorems 1.6 and 1.7 are sharp in the same sense as Theorem 1.2. For a k-plane analog of Wolff's theorem see [2] . It may be possible to modify the proof of (9) to obtain a k-plane analog of Theorem 1.4, but we do not pursue the details here.
The outline of this article is as follows: Section 2 contains some technical machinery, Section 3 contains the proofs of Theorems 1.2, 1.4, and 1.5, and Section 4 contains the proofs of Theorems 1.6 and 1.7.
Preliminaries
We start by roughly describing the approach of [7] . If a union of lines is small, then there must exist a "hairbrush" of many lines intersecting one common line. The ambient space can then be foliated into twodimensional planes containing the common line, and a classical bound can be applied to estimate the union of lines contained in each twoplane.
In the present situation, we instead consider a hairbrush of many lines or k-planes intersecting a common m-dimensional plane. The following lemma is used to determine the appropriate choice of m.
Lemma 2.1. Let L be a collection of k-planes in F n and suppose d is a nonnegative integer with k ≤ d ≤ n. There is an m with k ≤ m ≤ d, a collection of m-planes R 1 , . . . , R N , and collections of k-planes
and continue the process with j + 1. If there is no such plane then terminate the process and set
is satisfied and we terminate the process. Otherwise, continue with m − 1.
If the process reaches the stage m = k, then let R
k j } and we are finished. Next, we describe in detail the foliation of the ambient space.
Proof. To find the T i , write S = x + span(e 1 , . . . , e m ) and
Then write T i = S + V i where, as i varies, V i ranges over all (k − q)-dimensional subspaces of span(f 1 , . . . , f n−m ). Fix some P, L satisfying the hypotheses. One can check that there is an i such that L ⊂ T i . For any i ′ = i we have that T i ∩ T i ′ contains S and is, at most, an (m + k − q − 1)-plane.
First consider the case q > 0. Choose y ∈ P ∩ S and write
. . , g q−1 ),
and 
To estimate the union of lines or k-planes contained in each leaf of the foliation, we will appeal to recursion. However, at the root we still use the classical method:
Suppose that L is a collection of m-planes, P is a collection of (k − 1)-planes such that for every L ∈ L |{P ∈ P : P ⊂ L}| ≥ M,
An application of Cauchy-Schwarz gives
Any two distinct m-planes intersect in, at most, an (m−1)-plane. Since, by (13) below, an (m − 1)-plane contains
We finish the section with three standard estimates for collections of planes.
Proof
Then there is a one-to-one correspondence between linear combinations of f 1 , . . . , f d−k and distinct translates of P , giving (13).
Proof. Write S = x + span(e 1 , . . . , e l ) and
Then there is a one-to-one correspondence between l ′ -planes P ⊃ S and (l ′ − l)-dimensional subspaces of span(f 1 , . . . , f m−l ), so (14) follows from (12).
Proof. Write S = x+span(e 1 , . . . , e l ), and fix P = y+span(f 1 , . . . , f k−1 ). If P ∩ S = ∅, we must have e j ∈ span(f 1 , . . . , f k−1 ) for j = 1, . . . , l. Thus, P is a translate of a (k −1)-plane containing S. Since, by Lemma 2.5, there are |F | k−l−1 (k − 1)-planes containing S, we have at most |F | k−l possible planes P .
Unions of lines
Theorems 1.2 and 1.4 follow immediately from:
and that P is a collection of points in F n satisfying
where the implicit constant may depend on d, γ, λ. Furthermore, if d ≥ 2 and L satisfies the d-plane Wolff axiom (4) then we have
Proof of Theorem 1.5 assuming Proposition 3.1. Suppose that L satisfies (6) and that |F | ≥ M where M is large and to be determined later.
where c ′ is the implicit constant from (16) and M is chosen large enough to overwhelm C c ′ (In the second inequality above we have used the fact that L ′′ satisfies (4) to obtain (16) from Proposition 3.
| L| and, by (13) with
where c ′′ is the implicit constant from (15), c is chosen small enough to underwhelm c ′′ C
, and the last inequality follows from (6) . A final application of (15) with d
Proof of Proposition 3.1. We use induction on d. When d = 1 the result follows from an application of Lemma 2.3 (with m = 1, k = 1, and L replaced by a subset of itself with cardinality ≈ min(γ, λ)|F | β ), so we will prove it for d > 1, working under the assumption that it has already been proven for 1 ≤ d ′ < d. After possibly deleting lines, we may assume
Applying Lemma 2.1 to L we obtain m-planes R 1 , . . . , R N . Note that if L satisfies the d-plane Wolff axiom (4) then we must have m < d.
Case 1, (m = d):
Let P R j = {P ∈ P : P ∈ R j }. Applying the case d
, we have N |F | max(0,β) . Then using Lemma 2.3 (possibly applying it to a subset of {R j } N j=1 in order to satisfy (11)) to estimate | j P R j | shows that
as desired.
Case 2, (m < d):
We construct sets of lines and points using a standard "popularity" argument. Fix some large C to be determined later and let
Letting L m be as in Lemma 2.1, we then have either
(in which case we are finished since the right hand side above is
Indeed, suppose that (18) does not hold. Set
and so
and P 
provided that C is chosen sufficiently large. Thus,
where, for the second inequality, we used the fact (which follows from
′ ≤ m and so we can estimate |P i | using the previously known case d ′ of (15).
Unions of Planes
Theorem 1.7 is obtained by induction from the hyperplane case:
and that P is a collection of (k − 1)-planes in F n satisfying
We may assume throughout that |F | is sufficiently large relative to certain parameters (for instance λ) since the implicit constants may be chosen so that the conclusion holds trivially for small |F |.
where the implicit constant may depend on d, γ, λ, k.
Proof of Theorem 1.7 assuming Proposition 4.1. Theorem 1.7 follows directly from Proposition 4.1 when k − k ′ = 1. Fix k 0 ≥ 1 and assume that the theorem holds for all k − k ′ = k 0 , and fix some k, k
and for any (k ′ + 1)-plane P ′ let
Applying the previously known case of the theorem, we have
and thus a second application of Proposition 4.1 gives
Proof of Proposition 4.1. We use induction on d. When d = k the result follows from an application of Lemma 2.3 (with m = k). So we will prove it for d > k, working under the assumption that it has already been proven for k ≤ d ′ < d. After possibly deleting planes, we may assume
Applying Lemma 2.1 to L we obtain m-planes R 1 , . . . , R N .
We construct sets of k-planes and (k − 1)-planes using a standard "iterated-popularity" argument. Fix some large C to be determined later. Let L ♯,0 = L m , P ♯,0 = P and for 1 ≤ q ≤ k let
Then either
Indeed, suppose that (22) does not hold and that (23) holds for 0 ≤ q ≤ q 0 < k. Set
where, for each L, P L is a subset of P ♯,q 0 with P ⊂ L for every P ∈ P L and 2
Then letting
and so 
This gives
|{(P, L) : P ∈ P L ∩ P ♯,q 0 +1 , L ∈ L ♯,q 0 +1 }| ≥ 1 4 2 −2q 0 λ|F | k | L ♯,q 0 | thus leading (by the upper bound on |P L |) to | L ♯,q 0 +1 | ≥ 1 8 | L ♯,q 0 | as claimed. For each 1 < q ≤ k let L ♯,q R j = {L ∈ L ♯,q : L ∩ R j is a q-plane}
